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We solve a bipartition probtem for cubic graphs using the Laplace Operator on compact 
Riemann surfaces. 
Introduction 
As compared to other typical invariants of a finite graph G Iike genus, connec- 
tivity chromatic number etc. the following quantity is a much less investigated one: 
i(G) = rn:nE, (1) 
where 1.1 means the cardinality of a finite set, U runs over all subsets of the vertex 
set VG of G satisfying 
and HI is the ‘boundary’ of U, i.e. the set of those edges of the graph G which have 
one end in U and the other end in the complementary set f/G \ U. We call i(G) the 
isoperimetric number. 
Visualizing the vertices of G as bails and the edges as threads which tie the balk 
together, we obtain jac/i as the number of threads which we have to cut, if we want 
to separate I/ from its complement. A bipartition U, VG \ U (with / I/j I+ i VG / is 
considered ‘good’, if the ratio /lWl/jUj is small, and the isoperimetric number 
i(G) is the ratio of an optimal bipartition. 
Fig. 1. 
As an example, the graphs like the one given in Fig. 1, with cardinality / L’G ] = 2n 
have the isoperimetric number i(G) = l/n = 24 YG /, with the optimal bipartition 
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Fig. 2. Fig. 3 
being the obvious one. For the two-dimensional analogue - (2n)* balls tied 
together in a lattice point manner as shown in Fig. 2 - the optimal bipartition, as 
given in the figure, may still look obvious. However it needs an argument in order 
to prove that there is no better one. In order to indicate the relationship between 
the combinatorial quantity i(G) and the classical isoperimetric problems in 
geometry, we sketch this argument briefly, although the example is only for illustra- 
tion We start by giving the graph of Fig. 2 a geometric interpretation: Represent 
each vertex of G by a unit square in the euclidean plane and let two squares have 
a side in common if and only if the corresponding vertices of G are connected by 
an edge. The result is a square Q of side length 2n (Fig. 3). Any subset UC VG 
defines a domain U’C Q which is a union of unit squares. The quantity 1 U 1 turns 
into the area of U’, and 1X.J j becomes the length of that part a”U’ of the boundary 
of U’, which lies in the interior of Q. Now a standard application of the classical 
isoperimetric inequality states that among all subdomains A C Q with area A 1: f 
area Q the quantity length 8 A/area A is minimized for A being a half square. Hence 
the fat line in Fig. 3 solves the isoperimetric problem for Q, and the bipartition of 
Fig. 2 is the best possible one. It yields the value i(G) = 2 / VG 1-r”. 
The result 
Our point of interest is the behaviour of i(G) when 1 VG 1 becomes large and the 
valency of the vertices is uniformly bounded. Certainly, if the vafency is ~2, as in 
our first example, then i(G) --t 0 as 1 VG 1 + 03. But what happens, if the valency is 
urn for m >2? The connectivity is comparatively small if I VG I is large, and from 
the second example (Fig. 2) one may be tempted to believe that still i(G)+ 0 as 
IVGj ‘03. In fact, heuristic arguments based on more complicated examples lead 
me to state this as a conjecture in [2], where I studied the isoperimetric number i(G) 
in connection with the Laplace spectrum of a Riemann surface. Yet it turned out 
that the contrary is true, and I like to state this somewhat surprising result in the fol- 
Iowing form. (A graph is cubic, if it is connected and if each vertex has valency = 3.) 
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Theorem. For any n > 0 there exists a cubic graph G with / VG ~ I n vertices uch 
that i(G)? l/128. 
The only proof known so far is very unorthodox - from the point of view of 
graph theory - and is in the realm of the spectral geometry of the Laplace operator 
on Riemann surfaces. Since it is moreover rather complicated (see the outline below) 
it would be more satisfactory to have an elementary proof. It would also be 
interesting to known what the best possible bound in the theorem could be, whether 
such graphs exist for any given cardinality, and whether they can be constructed in 
a hopefully simple recursive way. Such examples would not only give a better intui- 
tion for bipartition problems, they would also be extremely interesting in Riemann 
surface theory and might lead to a better understanding of various features in the 
geometry of these surfaces. 
Proof of the Theorem 
The theorem is proved via the following steps: 
(1) The Lapface operator A = -div grad on a compact riemannian manifold M is 
an essentially self-adjoint elliptic differential operator with the eigenvalue spectrum 
contained in the interval [0,03). Its smallest positive eigenvalue J.,(M) satisfies the 
Rayleigh principle 
for all functions on M with mean value JM f = 0. Spectral geometry is of particular 
interest on Riemann surfaces due to their connection with analytic number theory 
(see (11, [3], [4] and [6] as a general reference). 
(2) Congruence subgroups of PGL(2,Z), as e.g. 
: (a-d),b,cEN*Z 
where N =p, ...p2k is a product of different prime numbers, act on the upper half 
plane H = {z =x + iy E C: y > 0) by z - (az + b)/(cz + d) and leave the non-euclidian 
(hyperbolic) geometry d.s2 = (dx’+ dy’)/y’ invariant. Although the coset space 
T,\H is not a manifold (since r, has fixed points) the Laplace spectrum is well 
defined on it. By an estimate for the Fourier coefficients of cusp forms (for con- 
gruence subgroups) Selberg proved the lower bound 
A,(I-,,\H) L 3/16. 
This result holds for all congruence subgroups, and it is conjectured that 3/16 can 
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be replaced by l/4, which then would be the best possible bound. ([8, pp. 13,141. 
See also P. Sarnak’s estimate of the Kloosterman sums in f7] as a more recent 
reference.) 
(3) Quaternion (aftices. As a consequence of the Jacquet-Langlands theory [5], one 
can construct for each cV a quaternion lattice r,,,. c SL(2, IR) whose Laplace spec- 
trum is embedded in the spectrum of r:\\H. In particular 
If N is large enough, the action of F,v on H is fixed point free and properly dis- 
continuous, so that r,\H is a compact Riemann surface, where the genus is an 
increasing function of N. This proves the remarkable fact that compact Riemann sur- 
faces Fg of genus g exist with A, (F,) 2 3/ 16 (probably B I /4) for arbitrarily large g. 
(4) Tr~angu~ai~ons. Elementary non-euclidean geometry proves (cf. f2]) that each 
compact Riemann surface of genus gr 2 can be triangulated with (in certain cases 
modified) geodesic triangles of sidelengths I 1.4 and surface area between 0.19 
and 2.1. 
(5) The cubic graph G is finally obtained by reversing the process which we used 
in our introductory example (Fig. 2, Fig. 3): Take the Riemann surface Fg from (3), 
consider the triangulation of (4) on Fg and interpret each triangle as an element of a 
cubic graph G, where two vertices are connected by an edge if and only if the two 
corresponding triangles have a side in common. The Gauss-Bonnet formula yields 
so that / VG 1 becomes arbitrarily large. In order to compare A,(F,) bvith i(G), one 
takes a bipartition U, VG\Uof the graph with jU/ 5 j /VG/, laUi/lUl =i(G) and 
considers the union F’c Fg of all triangles in U, It is then not hard to define a func- 
tion f=f(~) on Fg in terms of the distance from p to the boundary of F’CF,, 
which satisfies 
(a) i f =O, 
(b) jF. ilgradf:j” 4.5jW! 
* F, jFz f2 ~0.191(11 
(cf. (21). Hence one obtains from the Rayleigh principfe 
from which the theorem follows. 
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